Abstract. The Lascoux-Leclerc-Thibon-Ariki theory asserts that the K-group of the representations of the affine Hecke algebras of type A is isomorphic to the algebra of functions on the maximal unipotent subgroup of the group associated with a Lie algebra g where g is gl ∞ or the affine Lie algebra A 
Introduction
Lascoux-Leclerc-Thibon ( [3] ) conjectured the relations between the representations of Hecke algebras of type A and the crystal bases of the affine Lie algebras of type A. Then, S. Ariki ( [1] ) observed that it should be understood in the setting of affine Hecke algebras and proved the LLT conjecture in a more general framework. Recently, N. Enomoto and the first author presented the notion of symmetric crystals and conjectured that certain classes of irreducible representations of the affine Hecke algebras of type B are described by symmetric crystals ( [2] ).
The purpose of this note is to formulate and explain conjectures on certain classes of irreducible representations of affine Hecke algebras of type D and symmetric crystals.
Let us begin by recalling the Lascoux-Leclerc-Thibon-Ariki theory. Let H A n be the affine Hecke algebra of type A of degree n. Let K A n be the Grothendieck group of the abelian category of finite-dimensional H A n -modules, and K A = n 0 K A n . Then it has a structure of Hopf algebra by the restriction and the induction functors. The set I = C * may be regarded as a Dynkin diagram with I as the set of vertices and with edges between a ∈ I and ap 2 . Here p is the parameter of the affine Hecke algebra, usually denoted by q. Let g I be the associated Lie algebra, and g − I the unipotent Lie subalgebra. Let U I be the group associated to g − I . Hence g I is isomorphic to a direct sum of copies of A (1) ℓ if p 2 is a primitive ℓ-th root of unity and to a direct sum of copies of gl ∞ if p has an infinite order. Then C ⊗ K A is isomorphic to the algebra O(U I ) of regular functions on U I . Let U q (g I ) be the associated quantized enveloping algebra. Then U − q (g I ) has an upper global basis
, we obtain O(U I ). Then the LLTA theory says that the elements associated to irreducible H A -modules corresponds to the image of the upper global basis.
In [2] , N. Enomoto and the first author gave analogous conjectures for affine Hecke algebras of type B. In the type B case, we have to replace U − q (g I ) and its upper global basis with a new object, the symmetric crystals. It is roughly stated as follows. Let H B n be the affine Hecke algebra of type B of degree n. Let K B n be the Grothendieck group of the abelian category of finite-dimensional modules over H B n , and K B = ⊕ n 0 K B n . Then K B has a structure of a Hopf bimodule over K A . The group U I has the anti-involution θ induced by the involution a → a 
In Dcase, we use the same algebra B θ (g), but, instead of V θ (λ), we use a B θ (g)-module V θ generated by a pair of highest weight vectors φ ± (see § 2.2). Our conjecture (see § 3.4) is then:
(i) V θ has a crystal basis and an upper global basis.
(ii) K D is isomorphic to a specialization of V θ at q = 1, and the irreducible representations correspond to the upper global basis of V θ at q = 1. The representations of H D n such that some of X i have an eigenvalue ±1 are again excluded. Note that the crystal basis for type D is a double cover of the one for type B.
2. Symmetric crystals 2.1. Quantized universal enveloping algebras. We shall recall the quantized universal enveloping algebra U q (g). Let I be an index set (for simple roots), and Q the free Z-module with a basis {α i } i∈I . Let (
Let q be an indeterminate and set K := Q(q). We define its subrings A 0 , A ∞ and A as follows.
Definition 2.1. The quantized universal enveloping algebra U q (g) is the K-algebra generated by the elements e i , f i and invertible elements t i (i ∈ I) with the following defining relations.
(1) The t i 's commute with each other.
Here
Let us denote by U − q (g) (resp. U + q (g)) the subalgebra of U q (g) generated by the f i 's (resp. the e i 's). Let e ′ i and e * i be the operators on
Then these operators satisfy the following formula similar to derivations:
It is non-degenerate and satisfies (e * i a, b) = (a, bf i ). 2.2. Symmetry. Let θ be an automorphism of I such that θ 2 = id and (α θ(i) , α θ(j) ) = (α i , α j ). Hence it extends to an automorphism of the root lattice Q by θ(α i ) = α θ(i) , and induces an automorphism of U q (g).
Let B θ (g) be the K-algebra generated by E i , F i , and invertible elements K i (i ∈ I) satisfying the following defining relations:
v) the E i 's and the F i 's satisfy the Serre relations.
(i) There exists a B θ (g)-module V θ generated by linearly independent vectors φ + and φ − such that
Moreover such a V θ is unique up to an isomorphism.
(ii) There exists a unique symmetric bilinear form
for any i ∈ I and u, v ∈ V θ , and it is non-degenerate.
Such a V θ is constructed as follows. Let S be the quantum shuffle algebra (see [5] ) generated by words i 1 , . . . , i l for i 1 , . . . , i l ∈ I and l ≥ 1 and φ ′′ + and φ ′′ − as two empty words. We assign to a word i 1 , . . . , i l the weight −(α i 1 + · · · + α i l ). We define the actions of E i , F i and K i on S as follows:
for i, j ∈ I, l 1 and i 1 , . . . , i l ∈ I. Then the operators E i , F i and K i satisfy the commutation relations (2.2) except the Serre relations for the E i 's.
Consider the
Then ψ commutes with the actions of E i , F i and K i , and its image ψ(V ′ ) is V θ . Hereafter we assume further that there is no i ∈ I such that θ(i) = i. (2.5) Under this condition, we conjecture that V θ has a crystal basis. This means the following. We define the modified root operators: 0 and i 1 , . . . , i ℓ ∈ I ), and define the subset B θ ⊂ L θ /qL θ by:
Moreover we conjecture that V θ has a global crystal basis. Namely, let − be the baroperator of V θ , which is characterized by: q = q −1 , − commutes with the E i 's, and (φ ± ) − = φ ± (such an operator exists). Let us denote by B θ (g) We have a monomorphism of B θ (g)-modules
In particular, we have
Here ∼ is the equivalence relation given by b ∼ σb.
3. Affine Hecke algebra of type D 3.1. Definition. For p ∈ C * and n ∈ Z 2 , the affine Hecke algebra H D n of type D n is the C-algebra generated by T i (0 i < n) and invertible elements X i (1 i n) satisfying the defining relations: (i) the X i 's commute with each other, (ii) the T i 's satisfy the braid relation:
We assume that p ∈ C * satisfies
Let us denote by Pol n the Laurent polynomial ring C[X ±1 1 , . . . , X ±1 n ], and by Pol n its quotient field C(X 1 , . . . , X n ). Then H D n is isomorphic to the tensor product of Pol n and the subalgebra generated by the T i 's that is isomorphic to the Hecke algebra of type D n . We have
The s i 's are the Weyl group action on Pol n : (s 0 a)(X 1 , . . . , X n ) = a(X −1 (s i a)(X 1 , . . . , X n ) = a(X 1 , . . . , X i+1 , X i , . . . , X n ) for 1 i < n.
Intertwiner. The algebra H
Then the action ofφ i on Pol n coincides with s i . They are called intertwiners.
Affine Hecke algebra of type A. The affine Hecke algebra H
A n of type A n is isomorphic to the subalgebra of H D n generated by T i (1 i < n) and
where M a = u ∈ M ; (X i − a i ) N u = 0 for any i and N ≫ 0 for a = (a 1 , . . . , a n ) ∈ (C * ) n . For a subset I ⊂ C * , we say that M is of type I if all the eigenvalues of X i belong to I. The group Z acts on C * by Z ∋ n : a → ap 2n . By well-known results in type A, it is enough to treat the irreducible modules of type I for an orbit I with respect to the Z-action on C * in order to study the irreducible modules over the affine Hecke algebras of type A. 
Its image commutes with H
. Let I and J be Z 2 × Z-invariant subsets of C * such that I ∩ J = ∅. Then for an H D n -module N of type I and H D m -module M of type J, the action of Pol n+m on N ⊗ M extends to an action of F n,m . We set 
Hence in order to study H D -modules, it is enough to study irreducible modules of type I for a Z 2 × Z-orbit I in C * such that I is a Z-orbit, namely I = ± {p n ; n ∈ Z odd } or I = ± {p n ; n ∈ Z even }. For a Z 2 × Z-invariant subset I of C * , we define K D I,n to be the Grothendieck group of the abelian category of finite-dimensional H D n -modules of type I. We set K
We take the case I = {p n ; n ∈ Z odd } and assume that any of ±1 is not contained in I. The set I may be regarded as the set of vertices of a Dynkin diagram. Let us define an automorphism θ of I by a → a −1 . Let g I be the associated Lie algebra (g I is isomorphic to gl ∞ if p has an infinite order, and isomorphic to A and θ commuting with all other generators. ThenH is isomorphic to the specialization of the affine Hecke algebra of type B in which the generator for the node corresponding to the short root has eigenvalues ±1. This explains why the crystal graph in the above case is a double covering of the crystal graph for the same Z 2 × Z-orbit in type B. (See Remark 2.5 (v).)
